Abstract. The only known fully ghost-free and consistent Lorentz-invariant kinetic term for a graviton (or indeed for any spin-2 field) is the Einstein-Hilbert term. Here we propose and investigate a new family of candidate kinetic interactions and their extensions to derivative interactions involving several spin-2 fields. These new terms generically break diffeomorphism invariance(s) and as a result can lead to the propagation of 5 degrees of freedom for a single spin-2 field -analogous to ghost-free Massive Gravity. We discuss under what circumstances these new terms can be used to build healthy effective field theories and in the process establish the 'Jordan' and 'Einstein' frame pictures for Massive-, Bi-and Multi-Gravity.
. Known consistent field theory building blocks for gravitons/spin-2 fields (which are shown in the vielbein picture -not in the metric picture -with vielbeins E (i) here). As discussed in section 2 such a field theory is in general made up of four types of terms: Kinetic terms for the fields, their potential (non-derivative) interactions, cross-interactions between different fields (if there is more than one dynamical field in the theory, and both of the potential and derivative type) and finally the coupling to the other matter fields Φ i in the universe. Note that the 'general matter coupling' is only consistent (ghost-free) up to a scale Λ g > Λ 3 . At present the only known fully consistent/ghostfree kinetic term for a graviton/spin-2 field is the Einstein-Hilbert term and there are no known fully consistent/ghost-free derivative interactions involving several spin-2 fields. In this paper we consequently investigate the two big question marks: Whether there are alternative valid kinetic and derivative (cross-)interactions.
Introduction
The Einstein-Hilbert (henceforth EH) term is the only known fully ghost-free, consistent and Lorentz invariant derivative interaction (kinetic) term for a single spin-2 field g [1] , i.e. also for a graviton. It is fully non-linear, invariant under diffeomorphisms acting on g and propagates the two degrees of freedom (dof) of a massless spin-2 field. The recent discovery of ghost-free potential-type interactions for a single [2] [3] [4] , two [5] [6] [7] or multiple [8] spin-2 fields/gravitons resulted in consistent theories for such fields built out of 1) EH terms for each graviton and 2) the new potential-type interactions. These non-derivative interactions break some of the diffeomorphism invariance present at the level of the EH terms, leading to the propagation of additional dof (Goldstone bosons of the broken symmetry). E.g. massive gravity generically propagates the five degrees of freedom of a massive spin-2 field. 1 Having constructed consistent theories that break diffeomorphism invariance(s) in their potential (non-derivative) interactions, it is natural to ask whether one can also find kinetic terms other than the EH term for g, possibly propagating more than two dof. Various such candidate terms were proposed at the linear level [10] (also see [11] [12] [13] [14] ), but were shown to have no fully ghost-free non-linear completion [1] (there do exist completions which are ghost-free in the decoupling limit, however), so that the EH term still stands as the only known fully ghost-free, non-linear and Lorentz invariant derivative interaction for a spin-2 field. Given that no consistent derivative interactions for several spin-2 fields are known at all (as would be relevant in a Bi-and Multi-Gravity context), the EH term at present is in fact the only fully ghost-free and Lorentz invariant derivative interaction for spin-2 fields full stop.
In this paper we propose a new candidate family of kinetic and derivative interactions for N spin-2 fields
where the E (i) are vielbeins, α (i) are constant coefficients and R[X] is the Ricci scalar for the effective vielbein X. These interactions include new kinetic terms for a single spin-2 field as well as derivative interactions between several fields. We construct these new terms by spotting a set of field re-definitions that leave the overall form of potential self-interactions invariant (only changing coefficients). This allows us to write known fully ghost-free theories of spin-2 fields in a dual formulation that includes the new kinetic and derivative interactions. We also find that the new derivative interactions are closely linked to the general matter coupling proposed by [15, 16] and as a result derive the Einstein and Jordan frame versions of Massive, Bi-and Multi-Gravity. This enables us to show that the new kinetic and derivative interactions do in fact generically propagate a ghost, which can lie above the decoupling limit, however, meaning that even in the ghostly setups, the new terms can still be part of an interesting valid effective field theory (EFT) below the scale of the ghost. Finally, we extend the theory graph conventions for multi-gravity in light of new matter couplings and derivative interactions in order to aid our understanding of the (symmetry) structure of these theories.
Outline: This paper is organised as follows. In section 2 we review the vielbein formulation and known consistent field theories of spin-2 fields, collect some useful results along the way and point out a particular property of the known interaction terms under linear field re-definitions of the vielbeins. In section 3 we then use that property to postulate a new set of kinetic and derivative interactions and investigate these individually, with added self-interactions and with added matter coupling terms. In the process we also develop the 'kinetic' and 'potential' as well as 'Einstein' and 'Jordan' frame pictures of Massive, Bi-and Multi-Gravity. In section 4 we then consider what generic actions created via superposing the new terms with other known interactions look like. We find that they can (but do not have to) lead to the propagation of a ghost, whose scale can lie above the decoupling limit (again this is true for specific setups). We point out what remains to be done to fully establish diffeomorphism invariance as a tool to write down theories with different numbers of propagating dof, since ultimately what is physical is the number of propagating dof and their interactions, not the amount of gauge symmetry present in a given action.
the range of validity of generic spin-2 theories containing arbitrary superpositions of the new proposed terms. Finally we conclude in section 5.
Conventions: Throughout this paper we use the following conventions. D refers to the number of spacetime dimensions and we use Greek letters µ, ν, . . . to denote spacetime indices, which are raised and lowered with the full metric g µν . Capital Latin letters A, B, . . . are reserved for Lorentz indices and are raised and lowered with the Minkowski metric η AB . We also use lower case Latin letters a, b, . . . as a hybrid index, which could be Lorentz or spacetime. This is because in perturbative calculations for vielbeins we will contract indices with objects such as δ A µ , so choosing unique labels separating space-time and Lorentz indices is not useful in this case. For vielbein objects the first index is always the space-time index and the second one the Lorentz index, e.g. E A µ . Bracketed indices (i), (j), . . ., label the different vielbeins/spin-2 fields -label indices are not automatically summed over and whether they are upper or lower indices carries no meaning. We denote the completely anti-symmetric epsilon symbol by˜ and define it such that˜ 012···D = 1 regardless of the signature of the metric or the position (up/down) of indices (hence˜ 012···D =˜ 012···D = 1). Finally we use commas to denote partial differentiation, e.g. for some tensor T µ we have T µ,ν ≡ ∂ ν T µ .
Consistent spin-field theories
In this section we quickly summarise known consistent field theories for N spin-2 fields, collect some useful results along the way and point out some of their properties, which will be relevant for the discussion of new candidate kinetic and derivative interactions. We will be working in the vielbein formulation, which in a gravity context was developed in [17] [18] [19] [20] [21] . Note that the metric and vielbein formulations are not always equivalent -for a related discussion see [8, 22] . A general action for N spin-2 fields, parametrised via N vielbeins E (i) and graphically depicted in figure 1, can be schematically thought of as consisting of the following pieces
S der describes the theory's kinetic sector, i.e. derivative interactions (including kinetic terms for the individual fields),S pot (non-derivative) potential interactions and S matter the coupling of the spin-2 fields to the other matter in the universe (the matter fields Φ i ). It is instructive to split up (2.1) further and write a general action as
2)
The first line now describes derivative interactions for the individual spin-2 fields (kinetic terms S kin [E (i) ]) and derivative interactions between different fields (S der ). The second line describes potential (mass) terms for an individual spin-2 field (S pot ), e.g. the dRGT ghost-free massive gravity potential, and potential interactions linking several dynamical fields (S cross ), e.g. ghost-free Bi- [5] [6] [7] and Multi-Gravity [8] potentials. 2 The final line then describes the general coupling to matter of the spin-2 fields S matter [15, 16] as well as potential derivative couplings to matter S matter,der . No consistent terms of the form S matter,der are known at present.
and it satisfies det(E) = √ −g. This then allows us to map the EH term directly from the metric to the vielbein formulation
10)
It will prove to be useful to express the EH term perturbatively, in particular since the graviton is essentially a perturbation h in E around a given background, which we will choose to be flat here for convenience (we also set M 2 P l = 1 in the following). We therefore have
and it is possible to expand the inverse vielbein in terms of h as
Note that we may view δ µ A as the 'vielbein' of a non-dynamical Minkowski metric. We will find it useful for comparison later on to compute the full EH term at different orders in h. At second order in h one finds (after some integration-by-parts) 13) and at third order in h the EH term is
(2.14)
Finally let us point out that, by itself, the EH term is of course a fully ghost-free and consistent EFT all the way up to the Planck scale M P l . Also the EH term
] is invariant under local diffeomorphism symmetries f(i) and Lorentz transformations Λ(i) for the field E(i) Figure 2 . Theory graphs for ghost-free potential interaction terms: Nodes denote the individual spin-2 fields and dashed lines potential interactions. a) A cosmological constant for a single spin-2 field takes on the form of a loop, since it is a self-interaction. b) Ghost-free potential interactions between two spin-2 fields. We have not yet specified whether these fields are dynamical or not, so this is the potential type interaction for both Massive and Bi-Gravity. c) A Ghost-free interaction between three spin-2 fields of the form (2.18) . Note that the graphs in this figure only depict potential selfinteractions -how kinetic terms and matter couplings are added to theory graphs is displayed in figures 4 and 3.
2.3 Potential terms: Ghost-free Massive, Bi-and Multi-Gravity
The known ghost-free potential interactions for N spin-2 fields are those of ghost-free massive gravity [2] [3] [4] , Bigravity [5] [6] [7] and Multi-Gravity [8] . In terms of vielbeins they can all be cast in the unified format [8] (in D dimensions) 16) where the indices (i 1 i 2 . . . i D ) keep track of which fields are interacting. 3 Ghost-free massive gravity potential interactions then consist of all the ways to build (2.16) with a single dynamical vielbein E (1) and a non-dynamical reference vielbein (in the case of a flat reference metric this non-dynamical vielbein is E (0)
. Ghost-free Bigravity consists of all interactions (2.16) that can be build with two dynamical vielbeins E (1) and E (2) , and so on. The most general known, fully ghost-free potential interaction for N spin-2 fields can therefore be written asS
where the c (i 1 i 2 ...i D ) are constant coefficients completely symmetric in all the i j . Figure 2 depicts the theory graphs for some potentials. We emphasise that all terms of the form (2.16) are fully ghost-free individually and that this remains true for any linear superposition of such terms as in (2.18) . One particular such superposition of interaction terms, which we will find to be of relevance later one, is
3 If we promote the vielbeins to be proper one-forms E
A µ dx µ , this interaction can be written 17) in terms of the usual wedge product. Also note that the anti-symmetric nature of the interaction term means the order of labels in (2.16) (i1i2 . . . iD) is irrelevant.
The potential interaction terms considered here introduce a new scale into the theory. This is the scale of the least suppressed irrelevant operators in the action -the operators picked out by the so-called decoupling limit. In the case of dRGT ghost-free massive gravity this scale is Λ 3
where m 2 M 2 P l is the coupling constant in front of an interaction term like (2.16) (so for (2.18) we schematically have
In ghost-free Multi-Gravity this scale is somewhat modified as it picks up a dependence on the number of fields N -for details see [9, 23] . There are further scales of interest which derive from Λ 3 : Λ Q , the scale where quantum corrections are no longer suppressed wrt. the tree level result and Λ V , the (Vainshtein) scale where classical non-linearities begin to dominate over the linear result. Λ Q > Λ V for ghostfree massive gravity [24] , which allows for regions where classical non-linear computations can be trusted (in particular the Vainshtein mechanism) and are not swamped by quantum corrections. More specifically, for ghost-free massive gravity solutions around a source with mass M we can translate the energy scales Λ Q and Λ V into distance (radii) scales r Q and r V where quantum corrections/classical non-linearities become important and one finds [24] 
Also note that Λ c , the scale where the EFT completely breaks down and e.g. unitarity violations occur, is another in principle distinct (and potentially larger) scale (even though Λ Q to all intents and purposes is the scale where we cannot trust the theory's predictions in the absence of a re-summation for quantum corrections to all orders). The dRGT ghost-free massive gravity potential (a theory of one dynamical and one non-dynamical vielbein) and in fact any potential of the form (2.18), where some of the E (i) are non-dynamical, generically break all diffeomorphism symmetries (2.15) that were present in the kinetic sector of the theory 4 . For a potential like (2.18) , where all the fields are dynamical, the diffeomorphism symmetries for all E (i) (2.15) generically get broken down to their diagonal subgroup (for details see [8, 9] ).
The coupling to matter: Effective matter metrics and vielbeins
The standard minimal coupling of a single spin-2 field (g (i) in the metric formalism) to matter
is of course fully ghost-free (in the sense that a form of the Boulware-Deser ghost does not get re-exited by this coupling -naturally one is at liberty to introduce matter ghosts into the matter Lagrangian). Coupling matter minimally to more than one spin-2 field, however, re-exites the Boulware-Deser ghost at a low scale and is consequently not consistent [15, 25] . Recently a more general matter coupling than (2.22) was proposed in the presence of N spin-2 fields [15, 16] . 5 This is of the form and consequently obeys the weak equivalence principle by construction. The matter metric g (M ) can be expressed in terms of the 'matter vielbein'
As such let us write this new universal coupling to matter in the vielbein language as
Theory graphs for different types of matter couplings are shown in figure 3 . For some related work exploring models with this new matter coupling further see [27] [28] [29] [30] [31] .
The new matter coupling (2.23) generates additional pure spin-2 potential interactions, which are fully ghost-free by construction [15, 16] . In fact they are of the form (2.19) and come from the cosmological-constant-like piece in (2.25), i.e. the constant piece of L, whether bare or generated by matter loops, gives rise to pure spin-2 interactions. Once non-trivial (i.e. dynamical) matter fields are introduced, however, (2.23) ceases to be linear in all the lapses of the vielbeins involved [15] . This means a constraint is lost and the Boulware-Deser ghost re-appears (for a further discussion of this point see [27, 30] ). The scale of this ghost Λ g lies above Λ 3 , as it can be shown explicitly that the new ghost is not present in the decoupling limit [15] . So, in a general setting with the new matter coupling, one is dealing with an EFT valid up to the scale Λ g or Λ c , whichever is lower. At present it is unknown, where between Λ 3 and Λ c the scale of the matter-coupling ghost Λ g lies. 6 
Invariance under field re-definitions
The potential interactions discussed in 2.3 and the general matter coupling discussed in 2.4 above have an interesting property, which will be key in the following discussion. Namely their form stays invariant under linear field re-definitions
Of course linear field re-definitions performed on a full action leave the physics described invariant. The key observation here is, that field re-definitions of the form (2.26) can be performed on the individual potential and matter coupling terms (rather than on all terms in the full action). This results in a different theory, i.e. the theory is not invariant under this change. But the new theory does remain a valid, consistent, ghost-free EFT (up to the scale Λ g , should there be a non-trivial matter coupling).
In the following sections we will use this observation in order to generate new candidate kinetic and derivative interactions. Here we point out an interesting analogy, namely that all consistent Massive, Bi-and Multi-Gravity potential interactions could have been discovered in the same fashion. Take a cosmological constant interaction for a single spin-2 field and perform the above field re-definition
This is the particular superposition of all known potential interaction terms (2.19) . If only one of the fields E (i) is dynamical, these terms will be of the dRGT type, for two dynamical fields we recover the Bigravity interactions and for N dynamical fields we recover MultiGravity interactions. Of course what makes these terms even more interesting is that they are all ghost-free and consistent by themselves, not just in their superposed form (2.27). Nevertheless, finding the right field re-definition could have been used as a neat trick in order to generate all candidate consistent potential interactions. We will take this approach now with the kinetic sector of the theory, aiming to find new consistent candidate kinetic and derivative interactions.
New kinetic and derivative interactions
In this section we first propose a set of new kinetic and derivative interactions for N spin-2 fields, using the field re-definitions discussed above. We then discuss their properties, first by themselves, then once potential self-interactions are added and then with an added coupling to matter. This progression is instructive, because superposing two actions, which are ghostfree and consistent by themselves, does not necessarily result in a consistent new theory. 7 We will see an explicit example of this in this section. In addition there are interesting symmetry breaking phenomena when superposing the candidate interactions, which we will discuss. For a general theory with N spin-2 fields and N corresponding vielbeins E (i) , we propose the following candidate derivative interactions
which can be obtained by performing the field re-definition (2.26) on the EH term
Two specific cases will be of particular interest. First the case, where we have a single dynamical vielbein E (1) and a non-dynamical reference metric (which is a linear superposition 7 We thank Claudia de Rham and Andrew Matas for stressing this point in discussions.
of arbitrary non-dynamical vielbeins). Such a term provides a new candidate kinetic interaction for E (1) . Let us consider the case where the non-dynamical reference vielbein is flat and we therefore havê
In fact, we can simplify this even more and consider the equivalent interaction (equivalent up to overall constants of proportionality and a rescaling of the field E (1) -a re-scaled Planck mass for E (1) if you will)
Secondly we will be interested in the Bigravity version of (3.1) as a minimal example of the new derivative interactions involving several dynamical fields
where we have again absorbed the constants α (i) for simplicity. Theory graphs depicting the different kinetic and derivative interactions are shown in figure 4.
Kinetic terms
The new candidate kinetic term for a single spin-2 field E (1) proposed above is
Note that, by itself this term is equivalent to the EH term (since they are related by linear field re-definitions and there are no other terms in the action yet) and hence trivially ghostfree. Two observations can already be made at this point. L Kin I is invariant under local diffeomorphism symmetries and Lorentz transformations (2.15) acting on E (1) + δ (not on E (1) ). Again this is a straightforward consequence of the fact that L Kin I is related to the EH term via a linear field redefinition. Secondly we can perturb L Kin I just as we did for the EH term (2.13),(2.14),etc. Setting E (1) = δ + h we then find
In other words, up to an overall constant of proportionality these two kinetic interactions are the same up to a rescaling in h, h →ĥ = h/2. This is of course not surprising, since e.g.
Derivative interactions
If more than one dynamical field is present, (3.1) describes new derivative interactions between these fields. For simplicity let us focus on
Since we are working in the vielbein formulation, all conclusions will straightforwardly generalise to the case of several fields. If one of the fields is frozen to become non-dynamical, this is the interaction (3.6). In terms of theory graphs these two cases look the same (as long as there are no further terms in the theory that break the degeneracy). c) The theory (4.2), which combines L Der II with two EH terms.
separately. This straightforwardly generalises to the same symmetries acting on i α (i) E (i) for (3.1). In other words, a term such as (3.8) or (3.1) comes with one copy of generalised coordinate invariance GC (i) (cf. [9, 32, 33] ) linked to its 'argument' ( i α (i) E (i) ). Also, just as for the kinetic term above, by itself L Der II describes the same physics as the EH term (since it is the EH term with a linear field re-definition) and is consequently trivially ghost-free and consistent. For completeness let us repeat our perturbative analysis, this time for L Der II [E (1) , E (2) ]. We perturb the two vielbeins via We will refrain from showing cubic order (which contains ∼ 500 terms) and higher here.
Adding self-interactions: 'Potential' and 'Kinetic' frames
Let us now move on and consider adding self-interactions for the spin-2 fields to the kinetic and derivative terms discussed above (which by themselves described the exact same physics as isolated EH terms).
A single field: The complete set of GR interactions consists of the two Lovelock invariants in 4D: The EH term plus a cosmological constant potential self-interaction term
(a) Kinetic frame (3.14)
(b) Potential frame (3.15) Figure 5 . Here we show a particular bigravity theory in its kinetic frame version (3.14) and in its potential frame version (3.15). The two cases are related by linear field re-definitions of the vielbeins, involve EH terms, the new derivative intraction L Der II and potential self-interactions of the bigravity and cosmological constant type.
where Λ is a (cosmological) constant. If we linearly redefine fields throughout this whole action, we have obviously not changed anything. However, if we only do this with the field re-definition (2.26) for one of the terms (i.e. we do not perform a linear field redefinition at the level of the full action), then we obtain a different action. Consider one specific such case
Upon a linear field re-definition E →Ẽ − δ (now at the level of the full action, so leading to an equivalent theory to S 1 ) this becomes
This is a fully ghost-free massive gravity theory with a particular superposition of ghost-free massive gravity interaction terms of the form discussed above (2.19). 8 It has a strong coupling scale Λ 3 , where the associated mass scale m is given via Λ ≡ m 2 M 2 Pl . 9 So in particular this means that (3.12) is a fully ghost-free theory of a spin-2 field with the new kinetic term L Kin I [E]. The elaborate structure of the massive gravity potential interactions has been traded for the new kinetic term here. We shall refer to an action like (3.12) as the 'potential frame' version of the theory (with maximally simple -in this case cosmological constant type -self-interactions, but complicated kinetic interactions), whereas (3.13) is the 'kinetic frame' version of the theory (where kinetic interactions are maximally simple and of EH form). 10 8 Throughout this section we use this form of the potential self-interactions for simplicity, but do note that we could just as well consider e.g. (3.13) with a general self-interaction of the form (2.18). In that case the dual theory (3.12) would not just have cosmological constant-type self-interactions, but more general potential interactions (also of the form (2.18) but with different coefficients) as well.
9 Note that we have set M
2
Pl to unity in (3.13) and (3.12) as well as ignored overall multiplicative factors. 10 Note that, for a fully general spin-2 field theory, one is of course not guaranteed to be able to find a 'frame' where all kinetic terms are EH or all the self-interactions are of the cosmological constant type, although this is the case for theories that are valid, ghost-free EFTs all the way to the Planck scale (cf. [1] ). Even in cases where the 'kinetic frame' version only contains EH terms, the potential frame version of the theory will not in general just be a superposition of cosmological constant type terms for the individual fields. This is only the case if the potential self-interactions in the kinetic frame are of the form det i α (i) E (i) .
Actions (3.12) and (3.13) are no longer diffeomorphism invariant, in an interesting way. In (3.12) (the kinetic frame) the kinetic term is invariant under diffeomorphisms acting on E + δ, the cosmological constant term under diffeomorphisms acting on E. In this picture, where E is the fundamental dof, the kinetic term L Kin I [E] breaks diffeomorphism invariance and hence leads to the propagation of additional dof. The resulting 5 dof describe a single massive graviton. The dual picture in the potential frame (3.13) describes a theory where diffeomorphisms for E are broken by the known ghost-free massive gravity interactions. The propagating 5 dof of a massive graviton here arise as a consequence of the symmetry breaking potential type interactions.
Two fields: Let us do the same for the Bigravity case (in the vielbein language the general argument for N vielbeins then straightforwardly follows). We pick a simple, consistent and fully ghost-free bigravity action
Such an action is again in the 'kinetic' frame, where kinetic terms take on the simple EH-form and potential self-interactions are of the ghost-free multi-gravity type. The field re-definition E (1) → E (1) − E (2) then maps this to the potential frame (where potential interactions are simple cosmological constants, but kinetic interactions take on the new form) and which has an actionS
The kinetic frame version of the theory therefore describes a fully ghost-free set of interactions involving L Der II . Theory graphs depicting these Kinetic and Potential frame examples are shown in figure 5 . (3.14) has a kinetic sector invariant under diffeomorphisms acting on E (1) and E (2) separately, where the potential interactions break this down to their diagonal subgroup and lead to a total of 2+5 propagating dof. In contrast (3.15) has a potential sector invariant under diffeomorphisms acting on E (1) and a kinetic sector invariant under diffeomorphisms acting on E (1) − E (2) and E (2) . So, in terms of diffeomorphisms acting on E (1) and E (2) , the L Der II derivative interaction breaks the overall diffeomorphism symmetry of the theory down to their diagonal subgroup (for details of the symmetry breaking pattern we again refer to [8, 9] ). Finally, just as discussed above, the qualitative conclusions drawn here would not change had we used a more general potential self-interaction to start with in (3.14). easily computed. 11 For example the fully ghost-free (kinetic frame) theory
under the linear field re-definition
Again (3.17) describes a consistent theory of N interacting spin-2 fields, where the breaking of several diffeomorphism invariances and the associated additional propagating degrees of freedom are now encoded in the derivative L Der terms and takes place just as discussed above.
Let us finish this subsection by emphasizing that the field re-definition trick used to generate the new kinetic interactions and map between frames is not a trivial procedure. It relies on spotting the right set of field re-definitions (2.26) that leave the form of the ghost-free potential interactions unchanged. Taking some other linear field re-definition and selectively applying it to some of the terms in a consistent spin-2 field theory (like we did in going from (3.11) to (3.12)) does not generate another consistent theory. For example, taking a theory with the EH term in metric form, √ −gR[g], plus a cosmological constant term for g and then replacing g → g + η only in the kinetic term does not result in a ghost-free theory. In other words,
is not a ghost-free theory of a spin-2 field.
Adding a coupling to matter: 'Einstein' and 'Jordan' frames
Having considered 'kinetic' and 'potential' frames above, including a coupling to matter and working out the 'Einstein' and 'Jordan' frame pictures for Massive-, Bi-and MultiGravity now becomes straightforward. The general theories for spin-2 fields coupled to matter discussed in 2.4 above have the form
11 For a precise classification of how many and which dof propagate in a general multi-gravity theory see [9] .
The standard minimal coupling we know from GR is contained as a special case with some α i = 1 and α j = 0 for all j = i. Again, as discussed in 2.4, (3.18) has a ghost at the scale Λ g , but is a valid and consistent EFT at all scales below Λ g or Λ c , whichever is lower. For simplicity let us again focus on a particular Bigravity case and ignore additional potential self-interactions. 12 The particular action we consider is
Up to the scale of the ghost Λ g (and at the very least up to Λ 3 ) this is a fully consistent EFT. S 4 is an example of an 'Einstein' frame action, where kinetic interactions are simply a superposition of the standard EH terms for individual spin-2 fields. The field re-definition
then maps (3.19) to a frame, which we may call the Jordan frame and which has an actioñ
By construction (3.20) also has to have a ghost at the scale Λ g , but is a healthy EFT below that scale. (3.20) is consequently an example of a theory that includes the new kinetic interaction L Der II [E (1) , −E (2) ] and in addition an EH term and a minimally coupled matter sector. All these terms are ghost-free individually, but still give rise to a ghost when superposed. This is an explicit example of the point discussed above, that superposing fully consistent actions is not guaranteed to yield a consistent theory for all scales. It also alerts us to the fact that the new kinetic and derivative interactions proposed here cannot simply be added to any known consistent action without adding instabilities at some scale, making our findings fully consistent with the 'no-go' theorem of [1] . In [34] we will investigate the scale of the associated ghost Λ g -the 'Jordan frame' picture (3.20) should prove very useful in this task, decoupling the non-trivial part of the action from the sector that involves a direct coupling to all matter species. We again emphasize that below their cutoff scale, theories (3.19) and (3.20) are perfectly healthy EFTs -if Λ g Λ 3 these will have an interesting non-linear regime with non-trivial matter couplings and/or kinetic and derivative interactions. Theory graphs depicting these Einstein and Jordan frame examples are shown in figure 6 .
As before it is straightforward to extend the above to a generic Multi-Gravity case. For example consider the 'Einstein frame' action
Under the linear field re-definition
this action maps to the 'Jordan frame' actioñ
Other candidate kinetic and derivative interactions
In the above we have constructed new kinetic and derivative interactions, which can be included in the construction of completely ghost-free pure spin-2 theories such as (3.12), (3.14) and (3.17) or in the construction of spin-2 theories coupled to matter, which are valid EFTs up to the scale Λ g (or, in the best case: Λ c ), such as (3.20) and (3.22) . Other candidate kinetic terms, different from the EH term, exist [1] . These terms are S 4d KG and S 4d KK R and can be obtained by considering a discretised 5D Gauss-Bonnet Lagrangian. S 4d KG can also be seen as a non-linear completion of the linearised EH term, which, at non-linear orders, is different from the EH term. In a similar vein, S 4d KK R can be seen as a non-linear completion of the candidate linear kinetic term L , proposed by [10] (also see [11] [12] [13] [14] ). As shown by [1] , both S 4d KG and S 4d KK R are ghost-free in the decoupling limit (i.e. up to the scale Λ 3 ), but inevitably contain a ghost at some larger scale.
S 4d KG and S 4d KK R are therefore different from the L Der terms proposed here, which are completely ghost-free by themselves (because they are just EH in that case), can be completely ghost-free when self-interaction terms are added as discussed above, but also generically contain a ghost at a scale Λ g (e.g. when a general coupling to matter is added). However, the same logic applies for all of these terms: Even if there is a ghost present in the theory with any of the candidate kinetic and derivative terms at a scale Λ g , below that scale the theory can still be a valid and ghost-free EFT. If Λ g Λ 3 , in addition there will be interesting non-linear phenomenology (such as Vainshtein screening) described within the regime of validity of the theory. We investigate all the candidate kinetic terms and identify the associated scales Λ g in [34] . It would also be interesting to consider Multi-Gravity generalisations of S 4d KG and S 4d KK R as candidate derivative interactions involving more than one dynamical spin-2 field.
General spin-2 theories
Having constructed a set of new kinetic interactions and established their relation with 'Kinetic' and 'Potential'/'Einstein' and 'Jordan' frames, in this section we point out some theories involving the new kinetic/derivative terms that merit further investigation and extend the theory graph machinery of [8, 9, 32, 33] in order to have a diagrammatic way of representing theories involving the new matter coupling and kinetic/derivative interactions, which makes the symmetry (and symmetry-breaking) structure of those theories explicit.
Arbitrary superpositions of terms
In the previous sections we spotted a set of field re-definitions that leave the form of consistent self-interaction potentials (2.18) and the general matter couplings (2.25) unchanged. We then used this to propose a new set of kinetic and derivative terms, related to the EH term(s) via the same set of field re-definitions. This had two effects: 1) We established the Kinetic/Potential and Einstein/Jordan frames for Massive, Bi-and Multi-Gravity. 2) In the process we found a set of actions involving the new kinetic and derivative interactions, which were related to known theories via linear field re-definitions and hence either fully ghost-free (in the case of some specific theories of just spin-2 fields) or had a ghost at a scale Λ g > Λ 3 (in the case of general theories involving a non-trivial matter coupling).
What happens when we consider actions that involve the new kinetic and derivative interactions, but where the new terms cannot all be turned into EH terms via linear field re-definitions? In other words, having generated particular combinations of the new kinetic and derivative interactions via the trick discussed above, can we now deconstruct those particular combinations and build arbitrary combinations of the new kinetic/derivative terms (and pair them with potential and matter coupling terms), which are consistent? 13 Generically we should expect these theories to have a ghost (as indicated by the matter coupling considerations above), but at what scales does the ghost enter? Some simple examples of actions where the L Der terms cannot be removed with field re-definitions are
1)
We discuss these examples and others in [34] (showing that the above examples S 6 , S 7 , S 8 generically have ghosts and discussing at what scale the ghost enters). Here we just wish to emphasize a few final observations about the new kinetic and derivative terms. From [35] we know that there can be no fully consistent theory of interacting massless spin-2 fields (where the fields interact with one another), but generic combinations of the new kinetic and derivative terms proposed here and EH terms will break diffeomorphism symmetries and lead to the propagation of massive spin-2 dof, so the construction here generically evades this nogo theorem. The terms proposed here are equivalent to EH when considered by themselves, but generic combinations of the new terms with EH terms, potential self-interactions and general matter couplings will destroy this equivalence and generically introduce a ghost. This explains the consistency of the new terms with the kinetic no-go theorem of [1] (since the no-go theorem of [1] applies to new kinetic terms which are ghost-free at all scales up to M P l ). Establishing the scale of the ghost Λ g in generic setups will determine what the regime of validity for the resulting EFTs is. In particular if Λ g Λ 3 the resulting theories will have interesting non-linear physics and hence the potential for screening mechanisms as well. . Using the theory graph conventions developed throughout this paper, we can now succintly depict the actions for a) GR, with a single spin-2 field endowed with an EH term (the doubly circled node), which is coupled to matter minimally (the node is dark-shaded) and in principle has a cosmological constant term (the dashed loop). b) dRGT Massive Gravity, with a single dynamical metric (the doubly circled node indicating an EH term for this field) with that dynamical metric minimally coupled to matter (a single dark-shaded node) and a potential type interaction (dashed line) linking this metric to a non-dynamical reference metric (the white node without a double-circle). c) Hassan-Rosen Bigravity with two dynamical spin-2 fields, linked by potential type interactions, but with only one field directly (and minimally) coupling to matter.
Theory graphs
In light of the new kinetic and derivative interactions proposed here and the matter coupling proposed in [15, 16] , it is useful to extend the theory graph conventions for Multi-Gravity theories [8, 9, 32, 33] to allow us to depict a general spin-2 theory with all the proposed interaction terms (in the general case this will mean consistent up to some scale Λ g > Λ 3 ). 14 Every node in a theory graph corresponds to a spin-2 field/vielbein E (i) . In principle each such field comes equipped with its own diffeomorphism symmetry and associated copy of generalised co-ordinate invariance GC (i) . Dashed lines connecting nodes denote potential-like interactions involving these fields. 15 A dashed loop around a node consequently corresponds to a cosmological constant term for this field. See figure 2 for examples. Nodes encircled by a double boundary have their own EH term and nodes connected by thick lines have one of the new kinetic/derivative interactions discussed in this paper -see figure 4 . Finally, all darkshaded nodes are coupling to matter in a way that explicitly upholds the weak equivalence principle as discussed in 2.4 -see figure 3 . Figure 7 then shows the resulting theory graphs for some familiar examples: GR, dRGT ghost-free massive gravity and Hassan-Rosen Bigravity, fully specifying the kinetic and self-interaction potential for these theories as well as the way they couple to matter.
The theory graphs constructed in this way make the symmetry properties of the given theory explicit. Every connected island has one remaining, unbroken copy of diffeomorphism invariance. This is true as long as all the fields involved are dynamical, which corresponds to having the same number of derivative interactions (double circles and thick lines) involving linearly independent combinations of the vielbeins as we have fields in that connected island. If some of the participating fields are non-dynamical, all diffeomorphism invariances are broken -dRGT massive gravity as depicted in figure 7 is an example of such a theory (it has two nodes/fields, but only one kinetic term/double circle). Note, however, that the new matter coupling and kinetic interactions make reading off the number of propagating dof from This theory therefore only propagates the dof of a single massless spin-2 field (plus the dof of the matter fields of course). This serves to illustrate that it is not always trivial to read off the number of propagating dof from theory graphs. (c) Here we diagrammatically represent (4.5), a more complex theory combining all the different types of interactions discussed throughout this paper.
a theory graph somewhat more complex than before. If a given field E (i) can be completely eliminated from the theory with linear field re-definitions, then it clearly doesn't describe any additional dof. A concrete example of this is
where we have performed the linear field re-definition E (1) → E (1) −E (2) in going to the second line. Note that we could have added a potential self-interaction det[E (1) + E (2) ]Λ and field redefined it into a cosmological constant for a single field as well. In the theory graph picture, cases analogous to (4.4) correspond to a field's potential (dashed lines), kinetic/derivative (thick lines and doubly circled nodes) and matter coupling (dark shaded nodes) interactions all linking the same set of nodes. This is shown in figure 8 . Figure 8 also illustrates how more complex theories combining the different types of interactions discussed throughout this paper can be depicted by showing the theory graph for the following theory 16
(4.5)
Summary and Conclusions
In this paper we have proposed and discussed a set of new kinetic and derivative interactions for spin-2 fields. These were closely linked to the Einstein and Jordan frame pictures for Massive, Bi-and Multi-Gravity, which we described and which connect the new kinetic/derivative interactions to the matter couplings proposed by [15, 16] . As such the new kinetic/derivative interactions, when combined with general potential self-interactions and matter coupling terms, are expected to generically inherit a ghost (in several cases outside of the decoupling limit) at a scale Λ g -we will establish the exact scale Λ g of this ghost and how it relates to the cutoff scale of the theory in [34] . Here we have already shown, however, that the new kinetic and derivative interactions are ghost-free by themselves (since individually they are EH terms up to field re-definitions) and can be part of fully ghost-free spin-2 field theories via the Kinetic/Potential frame versions of spin-2 theories discussed in section 3. Several topics suggest themselves for future work. Investigating the background cosmology as well as the behaviour of perturbations in theories involving the new interaction terms will help establish whether new viable cosmological solutions are included within the framework of general spin-2 field theories. In fact, even for exploring already known theories, the Einstein/Jordan and Kinetic/Potential frames described in section 3 should hopefully prove useful. The most pressing question, however, remains what the scale of the ghost in generic spin-2 theories with the new matter couplings and/or the new kinetic and derivative interactions presented here as well as for the non-linear candidate kinetic interactions of [1] is -only once we know this scale will we know the range of validity of general EFTs for spin-2 field theories and in which such theories interesting non-linear behaviour can be described. We discuss the scale of all the associated ghosts in [34] . In addressing these and other related questions we will hopefully come closer to getting a more complete picture of what consistent theories for spin-2 fields we can build, approaching the same level of understanding we have already obtained for field theories of spin-1 and spin-0 fields.
